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We propose the refined biorthogonalization Lanczos method for modifying
the classical biorthogonalization Lanczos method according to the refined pro-
jected method.First,we transform the projected matrix Tm of unsymmetric ma-
trix A to obtain another tridiagonal matrix T̂m with the same eigenvalues,and the
eigenvalues of matrix T̂m,T̂m and Tm have the same eigenvalues,but T̂m satisfies
T̂ Tm = T̂m.And we use the eigenvalues of matrix T̂m as the approximate eigenvalues
of matrix A. At the same time,the left and right refined vectors of matrix A are
used as the approximate left and right eigenvectors of matrix A respectively.The
eigenvalues of matrix T̂m are easily computed,and it can be used to compute high
precision approximate eigenvalues. The theory shows that the method is supe-
rior to the biorthogonalization Lanczos method in computing large unsymmetric
eigenproblems.
Key words: biorthogonalization Lanczos process, Ritz values , Ritz vec-













r Æ 1^d ` Z
§1.1 X:9j/j[EzsiQfYhgj.I	Yedj.pCjM,jZe[zQfYhgj
Aϕi = λiϕi (1.1)Y"Fw A z n C#yQf (λi,ϕi),i = 1, 2, · · · , n z A Yhgi
(‖ϕi‖ = 1) K2O."FQfYhgjFI[YY-\rn=Js<z63I/=>Yzp"FLgYhgi'67-FY\n8 Y\n6"SnNGoU\o4k6;K-\%U AJiQf?<-ZYrnl8PJ5*Wh>Y Lanczos \n [4] F-\KZhgnp'NGn ohgoH;;Y Lanczos oXWkbyrn7S;FU A JsiQf?<-ZYhgjFneJ$K Arnoldi \n#si Lanczos \n
Arnoldi\nJ8yh>Y Krylov^5rDrn [9]7S;FTNGoOADz!VCY Arnoldi(IRA) rn [21] M
yBg3pJ FpNGoOYj ARPACK[21] S0:;kT1Qf A Æ	OP'6℄FOYÆNh0J.NWQfuFÆNYj"sFsi Lanczos \n
(ULA)J8yrDrn [9]℄'p'6NGY oTOY%JFQfYEC#D-\FYhgnLg5zFTb8jkiFYTh> Lanczos \nFpn













r Æ 2o*)#aNGXÆNw#a6MEhf#b"OO\2ÆN#\2-\od Cullum  Willoughby[5] =5*Wh>Yi Lanczos \ntrsi!a3iF8y!YIgrD$(XJVFY2i?Qf T̂m ~
T̂ Tm = T̂m iFbyX[:-;℄-\FLgYhgnk℄ÆN[T T̂m ["J8 yQf'6J$yU\b5"BFy Lanczos oMk\2ÆNo CPU LrDf\n [12] J"FQfhgjSn"FKZhgiYLgY8ySnrn$(Xzi8 KZhgn λ̃i, X^5 E w0`~
‖(A − λ̃iI)ũi‖ = min
u∈E,‖u‖=1
‖(A − λ̃iI)u‖ (1.2)Y ũi(‖ũi‖ = 1),3F (λ̃i,ũi)Æz AYhgi (λi,ϕi)YKZ ũi z AX^5
E 3M λ̃i iCYLoioY"F^5 E Lo ũi [o-\8 Æ	QfYhgj#Æ	QfY?nuF (SVD)d-\g{/-\U/LrDrn[:XWAL&YhgiNGo℄FÆN[MkVX-\siQfhgirLrDrn)M`YrDrnzGS













r Æ 3ChgnYKZkFLoÆzQf A YKZhgoXU\o:'ÆNrSIOYGI(u7u^8^76G5-\OÆ	siQfhgjY8rn(Y|6Æ^l^G5Th> Lanczos rn'\n^2^FLTh> Lanczos rn:'\n^Y^F#LTh> Lanczos rn\n3Fp#LKZhgiLKZhgiiCY8ol5Y^^F(YE{(w A/E nCsi#yQf15+..aIqSUz 2−qS3. * /Et3./EySYyS I /E n CS}Qf Im /E m CS}f em /E Im Y^ m q Real  Imag u0/Eyo#ySY7(7 Km(A, v1) /EHo













rs y Lanczos ut 4d Gf0 Lanczos $ 
§2.1 Ih2 Lanczos &"Th> Lanczos rnJH Lanczos K 1950 iFY{rnPKrDrn$(XxJMiFn
Th>o=Qf A {L2i?XW8Æ	Qf Tm k-\ Tm YhgnCYJhgo3=ÆzQf AYJhgiYKZ{rnY%JXILgTh>&"`>$mW 1971Paige[17]XbY4F{wXQf A zif3XILgm:i Lanczos \nJ$p>\YuE/h>&Y_>358JHph>&Y_>*'"^r48  Ritz nKmKQf AYhgnpl<''kUQf Asi?X2i?BY86e["m;1zwh [2]31zwhYFM6/:jY2eBgUK?j-Xs<yVK.Ig+1zwh9Ip* ;Y9zTaylor  Parlett[18]iFp Lanczos\nY ”Look-ahead”!(iF 2×2-|Pd|J Lanczos\nd Cullum[6]=5PWh>Yi Lanczos \ntrsi!a3iF8y!YIgVFY2i?QfYrnp? Freund[8],Gutknecht[10],Parlett[19],Saad[20]  Brezin–
ski[2, 3]Z*M5pY?g2OpKrnBai[1]Yu/XILg.


















rs y Lanczos ut 5Y (λ̃i, ϕ̃i)(‖ϕ̃i‖ = 1), i = 1, 2, · · · , mÆz AY
hgi (λi, ϕi), i = 1, 2, · · · , mYKZn^5 K zJ^5L z^5U-# K = Km(A, v1), L =
Km(A
∗, w1), Vm = (v1, v2, · · · , vm)Wm = (w1, w2, · · · , wm)w v1, v2, · · · ,
vm  w1, w2, · · · , wm u0Æz K  LY8
Th>$ (W ∗mVm = Im)?rDrn(zTh> Lanczosrn [16]Th> LanczosB;; Vm = (v1, v2, · · · , vm) Wm = (w1, w2, · · · , wm) J Km(A, v1)  Km(A∗, w1) Y$ [22], 3~
ρk+1vk+1 = rk+1 = Avk − αkvk − γkvk−1, (2.1)






wk−1, (2.2)w γk = ξkδkδk−1 ,δk = w∗kvk,αk = w∗kAvkδk , ρk  ξk zÆq<SECo v1, w1 [^%-#3 γ1 = ρ1 = 0, 3DYQf#D.

























~=W W ∗mVm = Im, [ δk = w∗kvk = 1, 












rs y Lanczos ut 6> Lanczos BYQf#D/Ez


























W ∗mAVm = Tm. (2.8)L 1 Th> Lanczos B [22]
1. VC-#n S}=go v1, w1, ~ w∗1v1 = 1, t γ1 = ρ1 = 0, w0 = v0 =
0  r = Av1, s = A∗w1.
2. bQ




r = r − αkvk;
s = s − α∗kwk;
r = r − (r∗wk)vk;
s = s − (s∗vk)wk;


























r = Avk+1 − γk+1vk;
s = A∗wk+1 − ρ
∗
k+1wk.U δ̃k ≈ 0 ?["m;1zwhTb[:F Look-ahead rnIgH 2.8 D[k1 µi  qi zi u0z Tm Yhgn'CYJhgo[[= µi  yi = Wmqi‖Wmqi‖ ,xi = Vmzi‖Vmzi‖ u0Æz A Yhgn'CYJhgoYKZu0z Ritz nJ Ritz o
§2.2 Ih2 Lanczos M"L 2 Th> Lanczos \n
1. VC-#^5Y{S m 'a"hgi S l(l ≤ m) _uLg tol S}=go v1, w1;
2. vA m 6Th> Lanczos B#A Vm, Tm, Wm;
3. -\KZhgi-\F Tm YaIhgn'CYJhgo'6=hgn+-Zw l   µi(i = 1, 2, · · · , l) Æza"hgnYKZ3#A
yi, xi(i = 1, 2, · · · , l) =Æza"JhgoYKZ
4. 64Kmu064 l  JKZhgi (µi, yi)  (µi, xi)i = 1, 2, · · · , l Y8o1UK tol [n%w[0,





















r  |wy Lanczos ut 8Ed 6+Gf0 Lanczos $ 


































, · · · , ρmwm−1
γm
),  wj J Ω Y^ j  i?P[K? TmM T̂m SIpYhgnk T̂m M Tm JpCYÆ	QfjTiK Tm 
T̂m Yhgnj"F7 λ̃i z T̂m YhgnFÆz A YhgnYKZRLrDrnYXi9YhgnYKZ λ̃i, G5JLoY"nXy
min
x∈Km(A,v1),‖x‖=1
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